Abstract. Let u solve the damped Klein-Gordon equation
x j + m Id +γ(x)∂t u = 0 on R n with m > 0 and γ ≥ 0 bounded below on a 2πZ
n -invariant open set by a positive constant. We show that the energy of a solution decays at a polynomial rate. This is proved via a periodic observability estimate on R n .
Introduction
Consider the damped Klein-Gordon equation on [0, ∞) × R n :
(1) ∂ 2 t − ∂ 2 x j + m Id +γ(x)∂ t u = 0, with γ(x) ≥ 0 for all x, and m > 0. Burq-Joly [8] have recently proved that if there is uniform geometric control in the sense that there exist T, ǫ > 0 such that T 0 γ(x(t)) dt ≥ ǫ along every straight line unit-speed trajectory, then u enjoys exponential energy decay, thus generalizing classic results of Bardos, Lebeau, Rauch, and Taylor [14] , [3] , [4] to a noncompact setting. By contrast, in the case of merely periodic γ (or, more generally, under the assumption that γ is strictly positive on a family of balls whose dilates cover R n ) then Burq-Joly show that a logarithmic decay of energy still holds.
In this note, we show that in fact u enjoys at least a polynomial rate of energy decay (with derivative loss) provided that γ is nontrivial and periodic, or, more generally, strictly positive on a periodic set: Theorem 1. Assume that m > 0 and 0 ≤ γ ∈ L ∞ and that there exist ǫ > 0 and a 2πZ n -invariant open set Ω ⊂ R n such that γ(x) ≥ ǫ for a.e. x ∈ Ω. Then there exists C > 0 such that for u solving (1),
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Note that we do not require any hypothesis of geometric control. We proceed by a standard route to this estimate by first proving an observability estimate, which then leads to a resolvent estimate.
denote the nonnegative Laplace operator. The observability estimate (which may be of independent interest owing to applications in control theory) is then as follows:
For all λ ∈ R we have the following estimate:
with C independent of λ.
From the observability estimate, it is not difficult to obtain a resolvent estimate as follows:
The strategy will be to prove Theorem 2 by reducing it to known observability estimates on the torus; this argument is the main novelty here. This leads to Theorem 3 by standard arguments (given below). The decay estimate Theorem 1 then follows by a functional-analytic argument due to Borichev-Tomilov [6] .
We remark that the decay rate obtained here is almost certainly not optimal in the case of smooth damping. The work of Anantharaman-Léautaud [1] shows that on T 2 one can obtain better estimates for damping with better than L ∞ smoothness by moving the damping to the left-hand side of the estimates, treating it as part of the operator rather than as a term to be estimated as an error. The arguments used here make it difficult to bring to bear the finer results of [1] in the periodic setting, as the incorporation of the damping term into the operator one is trying to estimate makes the proof of our Proposition 4 fail badly. To obtain a stronger estimate, one would therefore have to follow the second-microlocal arguments of [1] directly rather than simply using the resulting estimate on the torus. As refined estimates linked to the regularity of the damping term remain a difficult subject of current research, we will not pursue such an approach in this note.
In what follows, the constant C will change from line to line, but will always be independent of the spectral parameter. As noted above, ∆ ≥ 0 denotes the nonnegative Laplacian, and we also denote
With no subscript, the notation • denotes L 2 norm. We use the notation for the standard torus T n ≡ R n /2πZ n .
Proofs of Main results
2.1. Twisted Laplacian. We begin by establishing observability estimates on a bundle Laplacian on the flat torus (cf. Lemma 2.4 of [9] for a related estimate).
Let α ∈ R n . Set
Note that these operators are all self-adjoint with the same domain independent of α. 
with constants independent of α and λ ∈ R.
Proof. With α = 0 the result is known, from the estimates of Jaffard [10] in dimension n = 2 and Komornik [11] in higher dimension. We will use these results to generalize to variable α. We recall that one approach to proving estimates of the form (4) is based on an observability estimate for the the Schrödinger propagator (see Theorem 4 of [2]): we say that Schrödinger observability holds for H α if for every open, nonempty ω ⊂ T n and every T > 0 there exists C = C(T, ω) such that
That Schrödinger observability (5) for H α is equivalent to the resolvent estimate (4) for H α follows from Theorem 5.1 of Miller [13] . Thus we will prove the proposition by proving Schrödinger observability for any α ∈ R n . Given an open Υ ⊂ T n , fix a nonempty open ω ⊂ T n such that ω ⊂ Υ, hence there exists T > 0 such that x ∈ ω and d(x, y) < 4 √ nT implies y ∈ Υ. (Here d(x, y) denotes the distance function between points on T n .) Now we note that the propagators
all commute with one another, and indeed we may factor
where for θ ∈ R n , τ θ denotes the translation operator τ θ f (x) = f (x + θ). Thus, by H 0 -observability and the choice of T ≪ 1 so that τ 2tα (ω) ⊂ Υ for
As noted above, Theorem 5.1 of [13] now shows that this Schrödinger observability estimate implies our resolvent estimate.
Observability estimate. The proof of Theorem 2 now proceeds as follows. For
More generally, for α ∈ R n we set (Π α g) = Π(e iαx g).
Note that this quantity is quasi-Z n -periodic in α ∈ R n : we have for k ∈ Z n , (Π α+k g)(x) = e ikx (Π α g)(x).
Lemma 5.
We have the equality of L 2 norms
Proof. We use Fubini to compute the Fourier coefficients of the periodic functions Π α g on T n :
Integrating the sum of squares of the RHS over the unit cube gives g
by Fubini and Plancherel on R n , while on the LHS, we get
by Plancherel on the torus. The generalization to taking the norm over Ω is proved simply by applying (12) to the function 1 Ω g.
Now we note that
Applying Π to both sides and using translation-invariance of H α , we get an equation on the torus:
Applying Proposition 4, we obtain for every α in a fundamental domain (and with constants independent of α)
, Now by Lemma 5 we may integrate both sides in α ∈ [0, 1) n to obtain
. This concludes the proof of Theorem 2.
2.3. Resolvent estimate. We now prove Theorem 3. We will be brief, as this is ground well-trodden by other authors.
We start by noting that if we pair the equation (2) with u and take the real part, we obtain (using Cauchy-Schwarz) for |s| ≤ s 0 ≡ √ m/2
. This proves the estimate near s = 0, so we will take |s| > s 0 for fixed s 0 below.
Again pairing (2) with u and this time taking the imaginary part yields the usual estimate
On the other hand, applying Theorem 2 to (2) with the damping term on the right-hand side (and λ = s 2 − m) yields
where we chose Ω contained in the set where γ ≥ ǫ a.e. for some ǫ > 0 (and used s ≥ s 0 ). Combining these estimates and observing that γ ≤ C √ γ a.e.
yields for |s| ≥ s 0
Applying Cauchy-Schwarz we obtain √ γu
Finally returning to (13) gives Theorem (Borichev-Tomilov) . Let e tA be a bounded C 0 semigroup on a Hilbert space with generator A with spec(A) ∩ iR = ∅. Then
(This represents a slight strengthening of a prior result of Batty-Duyckaerts [5] in Banach spaces.)
We will apply this theorem to the semigroup generated by
The resolvent estimate from Theorem 3 implies the condition on nonimaginary spectrum on A as well as the resolvent estimate on A as follows: if u = (u 0 , u 1 ) t and f = (f 0 , f 1 ) t then (A − is Id)u = f is equivalent to (14) (∆ + m + isγ − s 2 )u 0 = f 1 + (γ + is)f 0 ,
i.e., if we let R(is) denote the inverse of (∆ + m + isγ − s 2 ), we have u = (A − is Id) −1 f = R(is)(γ + is) R(is) Id +R(is)(is)(γ + is) isR(is) f .
Existence of R(is) on L 2 (with norm O( s )) is Theorem 3, and pairing (2) with u as usual and taking real parts easily establishes that R(is) : L 2 → H 1 with norm O( s 2 ). Thus (A − is Id) is invertible and we have verified the spectral condition. We can further use these methods to estimate (A − is Id)
details of the argument can be found in, e.g., Lemma 4.6 of [1] (cf. also [12] and [7] ). This yields the decay rate t −1/2 for the damped Klein Gordon equation by the theorem of Borichev-Tomilov.
